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Introduction

In §1 a relatively easy way is described to map the pseudoboundary
BQ of the Hilbert cube Q in its pseudo interior s, by an
autohomeomorphism of the Hilbert cube (theorem 1.4). With similar
methods one can obtain somewhat stronger versions of this result,
although the final purpose: characterizing all subsets of the
Hilbert cube which are embedded as the pseudoboundary, is not
reached along these lines. For this, see [L4].

In 52 more Hilbert cube topology is given, mainly without
proofs, in order to be able to prove the theorems of §3.

In 83 a new proof is given of the theorem that Z-sets in 12—
or Q-menifolds are topologically infinitely deficient. A similar
theorem holds for countable unions of Z-sets.’Since sets of
infinite deficiency are easily seen to be Z-sets, it follows that
in 12— and Q?manifolds infinite deficiency is characterized by
property 2 1l and o-infinite deficiency characterizes o-Z-sets.
From this characterization one can derive a homeomorphism
extension theorem for Z-sets in 12—manifolds (in Q-manifolds the
situation is more complicated), and it can be proved that
countable unions of Z-sets in 1 -manifolds are strongly

2
negligible.

") In [14] Chapman extended this result to F-manifolds, where F is

a, not necessarily separasble, Fréchet space such that F = F~,
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1.1

1.2

2

The Hilbert cube and its pseudoboundary

Definitions

Let J denote the interval [-1,1] and Q = J° the Hilbert cube.

Points of Q can be written as x = (xi)i, with X; the e

coordinate of x. A metric for Q is given by d(x,y) = ZE_l!xi-yil.

This metric induces the product topology. *
Certain subsets of the Hilbert cube are:
The pseudo interior s = (=1,1) . This is a dense G ~subset,

8
homeomorphic to le(the latter statement is by no means trivial.

For a proof, see [5]).

The pseudoboundary BQ = Q\s = {x|3i : Ixi] =.1}. This is a dense
F ~subset. If a set A is homeomorphic to Q and if we have a
canonical factorization of A into a product of closed intervals,
then B(A) denotes the pseudoboundary of A, relative to the given
coordinate structure.

The endslices WZ = {x]xi = 1} and WE = {x]xi = -1}. We write

W= W oUW .

The pseudoboundary of Q equals u Wi' Notice that Wi and W; are
homeomorphic to Q. *
Further n. : @ > J and m, : Q = J%(acli) denote the projection-maps
defined by ﬂi(X) = x; and ﬂa(x) = (Xi)iea
instead of (xi)ieu and if o is infinite,Q, instead of iguJ or J¢

. Sometimes we write X,

and 5, instead of I (-1,1)
iea
By T we mean the set {1,2,...,n}.
Interior, closure and boundary of a set A are denoted by A°,

C1(A) and BA(A) resp.

Homeomorphisms

If (fi)i is a sequence of autohomeomorphisms of a space X, then ?i
denotes f, of; jo...of . If the sequence (f})i converges to a
homeomorphism £ : X + X then we call f the infinite left product
of (fi)i and we write f = LH:=1 f;. Hence if we speak of an
(infinite) left product f, it is implied that f is a homeomorphism.

If X is compact metric and the sequence (T})i converges uniformly



to f and all fi are onto, then f is also onto.

For homeomorphisms of the Hilbert cube the following two notions
are useful:

f:Q~+Q is gimple if for at most finitely many i, m, of +’ﬂi.
f:Q~Qdis g* if £(B(Q)) = B(Q). Simple homeomorphisms are B*.
Further two homeomorphisms are called isotopic if they are
homotopic by a homotopy such that each level is a homeomorphism.
The infinite left product of a sequence of homeomorphisms isotopic
to the identity is again isotopic to the identity.

A homeomorphism £ : X - X is said to have support‘on AcX if
£l(x\a) = idX\A' For two homeomorphisms f and g from X to Y the
distance d(f,g) is defined as sup{d(f(x),g(x))]xeX}. We have the
following criterion for establishing convergence of a sequence of

homeomorphisms :

1.3 CONVERGENCE CRITERION (M.K. Fort Jr. [15])

If X and Y are compact metric and (fili is a sequence of

. . -1
homeomorphlsms from X onto ¥ such that fo? all 1, d(fi,f.+1} <2,
ninf{d(fi(x),fi(y))lx, yeX and d(x,y) > i~ '} then the sequence

converges uniformly to a homeomorphism from X onto Y.

Proof: First we prove the existence of a limit map f, by giving an

upperbound for d(fj,fi): for j>i>1 d(fj;i) < d(fi,fi+1)+...+d(fj_v

’fj)' Define ng 5= inf{d(fj(x),fj(y))lx,yex and d(x,y) = 1/i}.
5

e < o1 -i-1
Then we can write: d(fj’fi) £27ny g *2 TSI PR
-J+1
oo t2 . c e
N3-1,4-1
-i+1 3
< <
BUE Nign a1 5 Miien SNy ,p H 2L ) Sy (9270 T) < oy o
. . . 3\k~1
> < (= . e
and inductively for k = i "k (2) i ()
-1 3.73:2 3\j-1-1 -i+2 ,
.of. ) = . += saet (7 s .
Thus d(£:,f;) < 2 ny O™ () ) <2 ;i
independant of j. (xx)
From (%) and (#%) it follows that for j>i>1, d(fi,fj) < 2-l+2”i-is
2
. -i+2,3,i-2 < (3yi-2 . .
<2 (2) 2,0 (HO o ot Hence there exists a continuous

limit map f.



1.k

-1+
Moreover n. . = n (1-27% 3)

1,4 i,i

j. Then also inf{f(x),f(y)|x,yeX and dlx,y) = 1/i} 2 N i(1_2_1+3)'
2

- 2d(fj,fi) > , independent of

i,i

Since i was arbitrary, it follows that f is one-to-one, hence a

homeomorphism.

It is obvious how the statement should be rephrased for infinite
left-products. The convergence criterion is of use when we want to
construct inductively a sequence of autohomeomorphisms. When at
each stage the next homeomorphism can be chosen arbitrarily close
to the identity, then the assumptions of the convergence criterion

can be fulfilled and we shall not bother how to do it in detail.

THEOREM The Hilbert cube is homogeneous.

Proof: Although this is an easy corollary to theorem 1.5, it will
be proved separately below.
1o For any two points x, yes, x can be mapped onto y by a Q=

autohomeomorphism. For let X; o+ Ji - Ji be the piecewise linear

homeomorphism that maps x, onto y.

(see fig. 1.1). Then h : Q > Q greph
defined by h(z) = (Xi(zi))i is an N of
autohomeomorphism of Q that maps i Xi
x onto y.

20 The point x = (1,1,1,...) can E

be mapped in s by an autohomeo-

morphism of Q: Let X. v
bt o g2, 5012
rotation of the x —X, plane as [ L

be a small

1

shown in fig. 1.2. We define h1 = T < 2 T
-5

! ; 7>
h) * id \{1,2}" Clearly ﬂ]h1(X)<1. l = t

Now ﬁ{2’3}h1(x) = (1,1) so we get . —>

exactly the situation of fig. 1.2 fig. 1.2

when we replace the x.-X, plane by the x plane and T 2}(x) by
9 .

17%2 5%3
ﬂ{2’3}h1(x). Thus n{2’3}h1(x) can be pushed off the second endface
by an arbitrarily small rotation hé of the X5X 4 plane. Hence, if

h, is defined ag h! X then it can be supposed that the

2 2 " 2,3}



1.5

assumptions of the convergence criterion are fulfilled.

Continuing this process we get a sequence of homeomorphism (hi)i
with left product h, such that for every i, ﬂih(x) = niﬁi(x); i.e.
each coordinate of h(x) is determined after finitely meny steps.
This implies that for every i, ]ﬂih(x)] <1,

32 Suppose x is such that o = {i I lxil = 1} is infinite. We can
assume thaﬁ for these 1, xi = +1., Then h':'Qa > Qa can be con-

structed as in 1o such that h’(xa) €8 . Let h = h' x id » then

\
h(x) € s. e

Lo sSuppose x ¢ BQ is such that o = {i | [x;] =1} < J,. Let

J J
h%: T3 vea homeomorphism that maps x. onto (0,0,...,0,1)
d1

1 = ' ] - s °
and define h, = h} x id N3, Construct h, such that !ﬂJ1h2h
in the following way: let hé: J -+ J
the Xj —xj plane (with j2 to be specified later) as suggested in

1 2

fig. 1.3.

1x! < 1

be a rotation in

pa P
%

. 1.3 JjQIL_\F— — S —, &1

A4

\ 5 L (oxip)e

L——9 ———:—+ - j1 * 'ﬂ d T

— g ——

fig

To move (1,xj ) off the small endface, the rotation does not need
2 -j. 2.
to move any point over a distance greater than 2 . Hence hé.

can be chosen arbitrarily small by choosing j2 sufficiently large.
= h! x id ..
2 JN\{J1,J2}

infinitely often, we get a sequence (hi)

Define again h . By repeating this construction

2

i»q Vith by (induced by) a

rotation in the x. -Xx, plane, such that h = LI.h. maps x homeo-
i-1 9% i
morphically in s.

Now 1o - 4o imply homogeneity of the Hilbert cube.

THEOREM (preliminary version)

There exists a sequence‘gfi_li of autohomeomorphisms of Q such that
(a) each fi ig simple, hence B*

() the left product £ = LI.f. exists
g ==

(c) £(BQ) c s

. . . . 1+ . .
Proof: Consider the i+1-dimensional cube Jl 1. Denote its endsliches
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+ . . . . i+ i+
by Vg s> 4 £ 1+1. There exists a homeomorphism hi : gt ! > gt !

. . + . . .
such that v V. 1s contracted in Vi+1 and hi is 1sotopic to the
J=si
identity. The homeomorphisms h1 and h2 are pictured below. (By

. . i+ . i el
interpreting J* ! as the suspension over Jl, with top

Po Ps P3 bypy B4Ry Bp3  Bypy
(V)/" »';'\(\T\ h, h1§5

7 Jviy——

N
Py Pg P), hpg

. . + - .
and bottom in the middle of Vi+1 and Vi+1 resp., one could give a

formal definition hi as a contraction to the top along the fibres

which leaves the bottom fixed). Let 4 : J1+1 x J1+1 > R be the
i+1 .

metric defined by d(x,y) = z 2 J|xj-yjl. Pushing Bd(Vi+1) to
J=1

+ 3 . . -i
Bd(Vi+1) requires a motion over a distance of exactly 27 . Next ,

+ . ) } +
the set Bd(Vi+1) can be contracted in the interior of Vi+ by a

1
homeomorphism arbitrarily close to the identity. Let

- + .
Hi : Bd(Vi+1) > Vi+1 be the composition of two such homeomorphisms.
It is geometrically obvious that ﬁi can be extended to a
. i+ . . .
homeomorphism hi from J° ! onto 1tself which maps v V. in the

“Jsi .
. . + . -
enterior of Vi+1 and has a distance of not much more than 2 * to



. ) -1+ .

the identity, e.g. less than 2 7', Define h; : Q> Q as
by > i\Te

By Jjudicious choice of the sequence (ni)i’ the sequence (fi)i =

(h*n ); will fulfil (e), (b) and (c). The sequence (n,). Will be
5 :
defined inductively:

. *
First, let‘ni+1 > n, and let n:q be so large that fi+1 = hni¥1
meets the conditions of the convergence criterion.

Next, we must ensure that endfaces that are pulled off themselves
do not come back,

W, ) is

More precisely: the distance between kgﬂng and h” l(kg

-n. .+2
. . +
positive, say e. If n..q 18 such that 2 * ! < ¢ then

d(Lﬁj>ifjgid)<e, irrespective of the choice of subsequent nj's.

Hence (IIIj PO

»i %5 kgniwk) will be disjoint from kgniWk to0. Now it

follows that (LI._.f.)(BQ)nBQ = @ : for fixed k and nj+15k E} =

3=173
=h* o...0h” s already defined on the first k coordinates,
ns n,
hence f. (k'<k k') = 14 W+ by invariance of domain for RE, Thus,

if i is the first integer such that ni+1>k then by construction

f.(

* C e e .
= U U
; k’gkwk') h W, 1y is disjoint from ,,y W This proves

n, k'sk k <k k!

Y

theorem 1.5.

A set A © Q is an apparent boundary if there exists a homeomorphism

h :Q ogto Q such that h(A) = B(Q). A characterization of apparent
boundaries in Q is given in [4] , with help of the notion of

property Z. An important non-trivial example of an apparent

boundary is a basic core set (bes) : let ([ai’bi])i be a sequence

of closed subintervals of (-1,1), then M = {xes| for all but

finitely many i, Xie[ai,bi]} is the basic core set structured on the

core Hi[ai,bi]. For every two basic core sets M and M' obviously
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(Q,M) is homeomorphic to (Q,M').

By a slight modification of the homeomorphisms h. in 1.5, one can

ensure that f(BQ) is a bes : let M be a bes sﬁructured on

Hi[ai,bi]. Suppose for every i the sequences (ai;n)n and (bi,n)n

approach to -1 and +1 resp. as n tends to infinity, and a; 1 T &
3

= D.. . 1 = . . X
and bi,1' bl Then M egquals Uth, with Mn 1gn[a1,n’b1 n]

s

xign[aibi]' We shall exhibit a sequence of homeomorphisms (fi)i and

a sequence (Ai)i of subsets of BQ such that (LI._.f )(Ai) = M, for

Jzi’j
=1 _ . ,
some bes U;M. , and such that Uifi (Ai+1) = BQ. As in 1.5, the fi s
will form a suitable subsequence of a sequence (hi*)i such that
* . i+1 i+1,
= X Sy . >
hi hi ldjN\1+1 for some h1 J J
The homeomorphisms h1 and h2 are pictured below. Referring to the
notations of 1.5, the extra conditions on hi are:
+y . :
(1) hi(Vi) is of the form [a],b1JX...X[ai,bi]X{1}
(2) for j<i, h, does not affect the jth coordinate of points of

i-1 i—1)' _
As in 1.5, hi is chosen smaller than 2

h. (Vv
i+1

i+ . . -
* 1, l.€. d(hi,ld)<2 .

(n<ia)(v,)

g

fig. 1.5




. Therefore h(BQ) can be written as UM, with M =

9
Again we choose a subsequence (h;.)i of (hz)i such that
i
h = LHih;. maps BQ inside s by a space homeomorphism. Now (1) and
i
i(2) imply that LHjZi h:. maps W;. onto a product of closed
. 5 H '
intervals, or, what is equivalent, that h maps Eif11(w+.) onto a
i- i

. . + .
product of closed intervals. In particular, h(wn ) can be written
1

) ; * , +
as Hi[ai,bi]. If we compare, for arbitrary i, IHjZi hnj(wni) and

‘h(W; ), then we see that these sets are, with the exception of the
' 1

first n, factors, a product of the same sequence of intervals.

I la, . ,b. . I
Jgnk aJ k77 5,k
P

_ + .
[aj,bj] (and [aj,bj] = (h(Wn ))). Because u M is

K
iin det "J :

k
dense, being the homeomorphic image of BQ, it follows that

lima, , = -1 eand limb, . = 1 (it is easily seen that (a.

and
o 0k S 5k)K

(bj k)k are monotonously decreasing and increasing resp.)
L]

Hence h maps BQ onto a bes.

1f one could ensure that h keeps some basic core set N (setwise)

;‘fixed, which is disjoint from the basic core set M = h(BQ), and if

’ M and N can be interchanged by an order 2 homeomorphism of @, then

1.7

h-1¢h would be an order 2 homeomorphism of Q that interchanges BQ

and N. First we prove the second.

LEMMA Every pair of disjoint basic core sets can be interchanged

by an order 2 homeomorphism of Q.

Proof: Suppose M and N are disjoint basic core sets, structured on

the cores nﬁ[ai’bi] and Hi[ci,di] resp. Disjointness of M and N is
equivalent to disjointness of infinitely many pairs [ai,bi] and

[ci,di]. A permutation of the indices achieves that for all odd i,

&
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[ai,b%n[ci,di] = @. Write Ai = [ 1 x [a "b2i] and C, =

803 12005 1 o1

Le d, ] x [c2i’dzi]’ then Ai and Ci are disjoint and M = {x]

2i-1°"21-1

for all but finitely many i, (x2i 1,x2i)eAi} and N = {x| for all
. . . 2 2

but finitely many i, (X2i—1’x2i)€Ci}' For all i, let ¢ 2 d° > J

be an order 2 homeomorphism that interchanges Ai and Ci’ then

¢ : Q> Q defined by ¢(x) = (¢, (3p5_15%p;)); is an order 2

homeomorphism that interchanges M and N.

’ 180°
[}Ai _______ i _E:I\ - rotation <f] ¢ici
o ‘_->__"’ ) PR
c; [ b

fig.1.6

1.8 THEOREM The pseudcboundary of the Hilbert cube can be mapped onto

a basic core set by an order 2 space homeomorphism.

Proof. Choose a bes Ncs. Decompose N as UN. as indicated in 1.6,

i+1 i+1(

It is geometrically obvious that hy ¢ J > J see 1.6) can be

chosen to be the identity on a given subcube in the interior. For

hn we let this subcube be N! = n

] T3 (N1), the projection of N
1 1

1

onto the first n1+1 coordinates. For hn it will be a cube which
2
contains both N! and f—— n (N,), for h. a cube which contains
2 n2+1 n, 2 n3
n* n' (N.) etc. Th ition h* 0...0n" is simpl
- . ompositio .
=1 P 3) ete e composition n, n, is simple,

N! and =

3

hence B* and maps every bes onto itself. Therefore for every i,

h;.(Ni+1)CN and N.ch*  (N). Thus h(N) = Uih(Ni) = Uhx (Ni)CN and
1 1-1 1 71~1

N = uN, = uL I, h: (Ni)Ch(N). As argued above 1.7, this proves the

& 1 i le J

theorem.
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I

Topology of the Hilbert cube

In this paragraph more topology of the Hilbert cube will be given.
The concepts of infinite deficiency and property Z will be
introduced and of some of the theorems a proof will be given, in
order to give some idea how the coordinate structﬁre of Q can be

used. For further proofs, see [2] and [31].

THEOREM For p = (0,0,0,...) there exists an isotopy @ : Q X I =+ Q

such that ¢, = id, o, is 8% for t<1, ®1(BQU{p}) = BQ and @1(p)

(1,0,0,...). (no proof)1)

A closed set AcQ is deficient in the ith direction if ﬂi(A) is a
single point in (-1,1). A closed set AcQ is called infinitely

deficient if A is deficient in infinitely many directions.

THEOREM If AcQ is infinitely deficient, then there exists a
homeomorphism h : Q@ + Q such that h(BQUA) = BQ. Moreover h can be

chosen arbitrarily close to the identity.

Proof: Suppose for aclN, o infinite, ﬂa(A) is a single point p

(pi)ieaesa' Let ¢ : Q * I > Q  be an isotopy on Q  such that

. . % _
@O = 1an, @t is B~ for t<1 and @1(B(Qa)u{p} B(Qa)' Let
T : JN\u + [0,1] be continuous, 1 on ﬂm\a(A) and <1 elsewhere.
Define h : @ > Q by
\ =
——
f—
— , y
JlN\a A]: ——3 hA
P —— ]
L} ___% /”
W : - .
h Qa - fig.2.1

1) A modification of the construction in 1.k sub 2° gives an

]

. . *
o = id, ol is 8 for t<1 and ¢!(p) = q for

isotopy @' with @

some unknown qeBQ. However, the isotopy ¢ of theorem 2.1, is

constructed along different lines.
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hix) = (<I>T(Tr (x))("a(x))’ Ww\a(x)). Using the fact that sets of
the form WN\ (y) are mapped homeomorphically onto themselves, one
readily verifies that h is an onto-homeomorphism such that

h(BQuA) = BQ. Moreover d(h,id)<22—no if ny is the smallest element

of a, because if for dome x ﬂgh(x)% X, then ica; i.e. h changes

H

only a—coordlnates. Hence h can be chosen arbitrarily close to 1dQ

by deleting all elements of a which are smaller than N, with N a

sufflc;ently large integer.

THEOREM IT (An)n is & sequence of subsets of Q of infinite

deficiency, then there exists a homeomorphism h : Q@ - Q such that

h(BQUUAn) = BQ. Moreover h can be chosen arbitrarily close to ig
n

Q°

Proof. Select from N infinitely many infinite disjoint subsets o

such that An is deficient in the an—directions. Choose e.g.

inductively a monotonously increasing sequence (ki)i such that A1

is deficient in the k?h direction, A, in the kgd direction, A in

the kgd direction, A2 in the kzh direction, A3 in the kgh direction,

A1 in the kgh direction ete.

&1 oy | 0g | @y o | og
k1] ks

Ry | Ky |k

kg | Xy | kg | kg

R0 ®11| Br2| Ki3| ®qy

%15] E16| 17| E18| E19]| Eno

Choose h, : @ > Q such that h1(BQuA1) = BQ and ﬂih1(x) = x; for

i¢p.. Now for n>1 h (A ) is still infinitely deficient in the o -
1 1"n ‘ n

directions. Choose h, : @ > Q such that hQ(BQUh1A2)= BQ and ﬂihz(x)=
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=X for iql.a2 and h_, sufficiently small with regard to the

2

convergence criterion. In general choose hn i Q@ =+ Q such that

h (BQuh (A )) = BQ and mh (x) = x; for 1¢an, and h  sufficiently
small in regard of the convergence criterion.

Then h = L]Inhn exists and h(BQUHAn) = BQ: it follows from the

definition of h that m h(x) = L En(x). We distinguish three
: n n

cases.,

1° 1f x€BQ then either for some iew\gun, X, =

1
[+

1, or for some n,

xaneB(Qan). In the first case, m ,hx = x,

]
I+

1. In the latter
case na hn_1x =X, . Now hn 1s defined 1in such a way that

m, (B _,(x))eB(Q ) implies m_ h_(x)eB(Q, ). Then also

% n n n
T hix) = . (En(x)eB(Qa ), thus h(x)eBQ.
n n n
2% 1r xeAn then wanh(x) = ﬂan(ﬁn(x))eB(Qan), hence h(x)eBQ.

[+] . .
3 If xes\ﬁAn then for all 16N\Unan,nih(x) = xie(-1,1). For all n,

Mo h(x) = ﬂa hn(X)ésa 3 hence h(x)es.
n n n

It is clear that here again h can be chosen arbitrarily small by

deleting initial segments of the sets a . In the same way it is
seen that N\gan can be made infinite. Hence one can always suppose

that moh = T for some infinite set o or for a predetermined

finite set a.

REMARK In theorem 2.2 any finite number of endfaces can be left
pointwise fixed if only they are disjoint from A: choose o disjoint
from the coordinates that define the endfaces under consideration
and let 1 be é Urysohnfunction that is O on these endfaces. This.
argument also applies to theorem 2.3, even if ﬂAn has limit points
in the endfaces.

&



2.5

2.6

2.7

2.8

1h

THEOREM Suppose K1 and K2 are closed subsets of Q or s such that

KiuK2 is infinitely deficient and h : Ky > K2 is an onto

homeomorphism. Then there exists an onto space homecmorphism

h': Q@ + Q such that h'lK1 = h. Moreover, if d(h,id)<e then we may

suppose that d(h',id)<e and, in the case of Q, if KanQ =

h(K1ﬂBQ), then h' may be chosen g% (no proof).

A closed set KcX is called a Z-set in X (is said to have property
Z) if for each non-empty homotopically trivial *) set 0<X, OXK is
non-empty and homotopically trivial. For each open set 0OcX, OnkK
is a Z-set in O if K is a Z-set in X. A sufficient, and for X = Q
or s also necessary condition for property Z is : for all € there
exists an €-small homotopy of X off K. From this it follows that
endslices and sets of infinite deficiency and compact subsets of s
are Z-sets., The class of Z-sets is closed under teking closed
subsets, finite unions and closed countable unions. Furthermore s
set K ig a Z~set if K can be covered'by open sets Oi such that

0.nK is a Z-set in O..
i i

THEOREM Suppose K is a Z-set’in X, X = s or Q, then for all e

there exists an e-small autohomeomorphism h of X such that h(K) is

infinitely deficient. Moreover, if X = Q then h can be chosen B*.

(no proof)

COROLLARY Suppose K1 and K2 are Z-sets in X, X = s or @, and

h : K> K, is an onto homeomorphism with d(h,id)<c. Then there

exists an onto homeomorphism h': X - X such that h'|K1 =1 and

a(h',id J)<e. If, in the case of Q, h(K,nBQ) = K.nBQ then h' can be
X 1 2

*
chosen B8 .

THEOREM A closed set K in Q is & Z-set in Q iff Kns is a Z-set in

s (no proof).

*Z in this report a set 0 is called homotopically trivial if Vn

each map from Sn_1 in O can be extended to a map from 1” in 0.
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Infinite deficiency in Q- and lg—manifolds

Let F be a topological space. A space M is called an F-manifold
and F is a modelspace for M if for each meM there exists an open
neighborhood U of m such that U is homeomorphic to-an open subset
of F. In this section F is the Hilbert cube or a separable metric
infinite-dimensional Fréchetspace. It will be proved that for
F-manifolds infinite deficiency (see 3.7) coincides with

property Z (theorems 3.10 and 3.1k4). This was proved first by
Chapmen in [13]. Using this result, one can prove a homeomorphism
extension theorem for Z-sets in F-manifolds, F an infinite-
dimensional separable Fréchetspace (theorem 3.16). See Anderson-
McCharen [T]. In [14] Chapman generalizes theorem 3.14 for non-
separable Fréchetspaces F with F = F°, The proof given in this
section does not generalize to the non-separable case, due to the
sbsence of suitable coverings for the manifold, i.e. such as given

in lemmas 3.9 and 3.13.

We suppose throughout that M is connected.

Some theorems we shall need:

THEOREM (Anderson [1], Anderson-Bing [5]; Kadec [171, [18]) A1l

infinite-dimensional separable Fréchetspaces are homecmorphic to

12, In particular l2 = s,

THEOREM (Schori [19]) If F *=q or if F is a metric topological

vector space such that F =F , and if M is an F-manifold, then
*)

THEOREM (Henderson [16]) If F is a metric topological vector space

such that F = F _ and if M is an F-manifold then M can be embedded

in F as an open subset.

A homeomorphism h : X > X is said to have support on AcX if ¥xéA,

hix) = x.

*Z It is conjectured that F = F for all infinite-dimensional
Banachspaces F. Bessaga and Pelczynski proved that F =F" for

all infinite-dimensional Hilbert spaces F.
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CONVERGENCE PROCEDURE If U is a countable star-finite open cover

of M, then there exists an ordering (Ui) of W such that, given a

sequence of homeomorphisms (hi)i with h, : ﬁi-1(M) > Hi(M), and

hilﬁi—1(M) has support on U, then the left product Ul.h, exists

and is a homeomorphism onto niﬁi(M).

Proof: Suppose W is a counteble star-finite open cover of M. Let

U, €W be arbitrary. Let u, = {UéulU#U1AUnU1+¢} and inductively
L {UéulUékgﬁgkAUﬁUh+¢}. Because of star-finiteness of U. all
sets Uh are finite, and because of connectedness of M the Uh

exhaust ‘U.\{U1}° Thus let (U.)

57151 be an enumeration of successively

Uys U Wy, 5 UB, U s U5’ Ugs ooe This is an enumeration as desired:
suppose (hi)i is a sequence of homeomorphisms as stated. Now it is

easily seen that for every point x of M there exists an iO and a

neighborhood O of x such that Lln.|0_ =H, |0_, from which it
X 1" X 10 X

follows that Ll h, is a homeomorphism.

In the following F = s or F = Q. Suppose M is an F-manifold. A

closed set K in M x F is called infinitely deficient if ﬂF(K)(With

o denoting projection onto F) is infinitely deficient. In proving

topological infinite deficiency for Z-sets K in M x F (i.e. proving

that K can be mapped onto & set of infinite deficiency by a space

homeomorphism), we look for an open covering {Ui}i as in 3.6, such
that Bd(Ui) is a Z-set in Cl(Ui ); and such that Cl(Ui) =7,
Paracompactness gives us a closed refinement {Vi}i with ViCUi. The

homeomorphism extension theorem for Z-sets in F implies that we
can extend a homeomorphism hi from Kn(ViXF) onto a suitable
infinitely deficient subset of ViXF, to an autohomeomorphism of

C:L(Ui)XF which is the identity on Bd(UiX'F) = Bd(Ui)X'F. Such a

homeomorphism can be extended identically to all of M X F, The part
of h, that constitutes our starting point will be of the form
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hi(x,y) = (x,@¢(x)(y)) for (x,y) a point of some specified Z-set
in Cl(Ui)XF, where ¢ :Cl(Ui) -+ [0,1] is & continuous funection and

¢ an isotopy defined on all of Q, of which only a small part will

be used. ¢ is such that for every t > 0, ¢ (Q) is infinitely

t
deficient.

We shall write Q x Q instead of Q. For t = 0, 1,;%,'%,'%, v

@t(x;y) is defined as follows:

o (xsy) = (x57) = (xy5%,,%5%) 5.0 SV 3V s g5 e ere)
@1(}{;3]') = (X1’X2,X3’ O, O, O,Xu,ucc; y1,y2,y3, O, O,-no)
6
@1(x;y) = (x1,x2,x3, 0, O,y3,xu,...; Yqs¥5s 05 0, Oyene)
5
@1(x;y) = (x1,x2, 0, O,x3,y3,xh,...; Yqs¥ps 05 05 Osene)
n
@1(x;y) = (x1,x2, O,ye,x3,y3,xh,...; ¥qs 05 0, 0, cevns)
3
@1(x;y) = (x1, O,xg,ye,x3,y3,xh,...; ¥q» 05 0, O, Ceeen)
2
@1(x;y) = (x1,y1,x2,y2,x3,y3,xh,...; 0, 0, 0, O, eunes)
The transition from &, to & is performed by a suitable

1 1

2i 21i+1
rotation in the xi+7x21+1-plane, the transition from ¢ 1 to @1

2i-1 2i

by a rotation in the xé—iyi-plane° Note that the projection of

?l-(QXQ) onto the xi+7x2i+1—plane consists of the coordinate axis

2i

X,41 = 0 end the projection of ¢ (@xQ) onto the X7V, -plane of

2i-1

the coordinate-axis v =0,
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fig. 3.1
A ) X
A
e T
,// Xin=0 13 !
,i’ (%i=9) :Huﬁ;
I(_l-,l'so
Lo .
3.8 REMARK Observe that y; = 0= for all te[0,1] the yi—coordinate of

3.9

¢ (x,y) is zero.

fetsptt = et

LEMMA Suppose M is a Q-manifold. Then there exists a countable

open star-finite covering W of M such that for all Ueu, (C1(U),

Ba(U)) is homeomorphic to Q together with a finite union of

endfaces. Moreover, U can be constructed as a refinement of any

given open cover.

Proof: Let {Oi}i be an open cover of M with sets homeomorphic to
open subsets of Q; if desired {Oi}i is a refinement of some given
open cover. Let {Oi}i be a star-finite refinement and {Fi}i be a
cover of M with compact sets, such that for all i, Ficoi. Now each
F. can be covered by a finite number of basic open sets U.

i 1o

L]
. . , .
Ui’ki with closures in 0, such that (Cl(Ui,j),Bd(Ui,j)) is

homeomorphic to Q together with a finite union of endfaces.

'Basic' means: in the coordinatization of 0!, derived from its
l’

open embedding in Q, Ui i is a product of open subintervals Yn of
9
[-1,1] such that for at most finitely many n, Yn % [~1,1]. Then
w={U, .}. . is the desired cover.
1sd 14

THEOREM Suppose M is a Q-manifold and K is a Z-set in M x Q. Then

there exists an onto homeomorphism h : M x @ + M x Q such that h(K)

is infinitely deficient.

Proof: We shall write Q x Q instead of Q and also Kc<MxQxQ (which

is, by (3.3), homeomorphic to M). Let the covering W = {Ui}i of M
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be as in lemma 3.9 and suppose the ordering is as in convergence
procedure 3.6. Because of paracompactness of M there exists a

closed refinement {V.}. with V.cU.. Define U! = U. x Q x Q and
i1 i1 i i

Vi = Vi x Q@ %X Q. Then the cover {Ui}i also possesses the
properties listed in lemma 3.9 and in convergence procedure 3.6.

Choose ¢, : Cl(U1) -+ [0,1] such that ¢1(Bd(U1)) = {0} and

¢1(V1) = {1}. We construct h, : M xQ xQ=>MxQ xQ as follows
mr(mJXJdk&ﬂm)MKmqh<hﬁnehﬁmAXJD)=(m,¢MmﬁXJ)%

Thus h1(KnV') projects onto a single point in the second Q-factor
and h1(KnU%) onto a countable union of sets of infinite deficiency.

Hence h1(Bd(U;)U(KnU%)) = Bd(U;)Uh1(KnU%) is & closed countable

union of Z-sets in Cl(Ua) and therefore a Z-set (2.6). As in 2.2

it is seen that h1|Bd(U%)U(KnU%) is one-to-one. Bicontinuity is

obvious. Since h1|Bd(U;)U(KnU%) is a homeomorphism between Z-sets
in Cl(U;), we can extend h, to an autohomeomorphism of Cl(U;), and

because h1|Bd(U;) = id, we may extend h, identically to the

1
remainder of M x Q x Q.

[\V]

Fig. 3.

The next step is essentially the inductive step: choose ¢2 :

01(U2) + [0,1] such that ¢2(Bd(U2)) = {0} and ¢2(V2) = {1}. For
(m, (x,y DeBa(UL) un, (K)nUL), let hy(m,(x,y)) = (m,%z(m)(x,y)), and

extend h2 as above to an autohomeomorphism of M X Q X Q.

If we construct h3’hh"" in a similar fashion, then we get,
according to 3.6, a sequence of homeomorphisms whose infinite_left
product h = LHihi is an autohomeomorphism of M X Q X Q that maps K
into the set M x Q x {0}. To become convinced of this, observe that

.for every i and every point (m,x,y) of Bi_1(K),hi(m,x,y) =
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(m,®¢ (m)(x,y))e Hence the M-coordinate of a point of XK remains
i
the same all the time. So suppose (m,x,y)eK and write

(

e

h. (m,x,y) = (m,x(i),y

1 2 0
= (m,x(l'”,y(l"”)

l))e For some i, meVin Then also Ei_j(m,x,y)
eVi x Q x Q, thus hi(m,x(l—1),y(l_1)) =
(m,®1(x(1_1),y(1_1))), i.e. y(l) = 0. Because of remark 3.8, for

all jxi Y(J) = 0 and hence h(m,x,y)eM x Q@ x {0},

THEOREM Let M be a Q-manifold and gKi a countable union of Z-sets

in M X Q o M. Then there exists an autohomeomorphism h of M x Q

such that h(gKi) is the union of countably many infinitely

deficient sets.

Proof: Let {Ui}i = {Ui xQ X Q}i be as in the proof of theorem

3.10. We construct h as the left product of a sequence of

autohomeomorphisms (hi)i with support on Ui that make ngnUi

o-infinitely deficient. In its turn hi is the left product of a

sequence of homeomorphisms (X. °)j' We can suppose that K

<K .<K. <.,
1,J 23

1

Choose ¢ : Cl(U1) +[0,1] zero on Bd(U1) and positive on U

1,1 1

itself. Define Xq 4 by X, 1(m,x,y) = (m,@¢ (m>(XsY)) for
9 ] ’I"‘

i
i

(m,x,y)e(K1nU%)UBd(U%) and extend X1 4 in the usual way to an
2

autohomeomorphism of Cl(U%). Then X, 1(K1nU1') is o-infinitely
3

deficient, even in the following sense: for each point (m,x,y)eK1n
U}, almost all y-coordinates of x1’1(m,x,y) are zero.

Because we are working in a copy of the Hilbert cube, the
convergence criterion is the obvious device to ensure convergence

of the product of (x1 j)j° The homeomorphism x1 1 could be made
H 3
arbitrarily small by taking ¢1 1 sufficiently close to zero, and
2

by restricting the size of the extension of )(,],1 with help of the
corollary to theorem 2.7. Thus the inductive construction of X1,j
is simply as follows:

choose € such that @€ is as small as necessary in view of the

convergence criterion. Choose ¢. . : C1(U,) = [0,e] such ¢that
1,3 1

¢7 .(m) = Oe>meBd(U,). Define, for (m,x,y)ex. . ((u!nk.)uBa(u!)),
15d 1 T,d=1""71 75 1
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X1’j(M,X,y) = (m,@¢1 j(m)(x,y)). Extend X1 3 in the usual way to a
]

sufficiently small autchomeomorphism of Cl(U{). Now h, = I.I[jx1 j
H

exists and, by remark 3.8, maps ngnU% into {(m,x,y) |for almost

every n,y = 0}; hence h1(ngnU%) is o-infinitely deficient.

Finally, extend h, identically to the remainder of M x Q x Q. For
the inductive step, we construct in exactly the same way the

homeomorphism h, such that h; maps Hi_1(§§j)nUi into {(m,x,y) |for

almost every n, v, = 0}. In doing this, it may happen that for

some point peUi'nquj and some nell, the yn—coordinate of Ei(p) is

zero whereas the yn—coordinate of Hi+1(p) is not zero any more.

But there exists an io such that ViZiO Hi(p) = ﬁi (p) and for this
0

point almost all yn—coordinates are zero. Hence Lffih:.L maps UjKj

onto a countable union of sets of infinite deficiency.

The case F =g =1

2

The general ideas of the proofs of theorems 3.10 and 3.11 are the
same, although the proof of topological o-infinite deficiency of
0-Z sets is much more complicated. It is mainly included for
completeness. The proof of Chapman [13] is much better for this
case. Lemma 3.13, which corresponds to lemma 3.9, is proved with a
rather different argument. Throughout Q is used in the compactifi-

cation of s and s-manifolds.

LEMMA Suppose M is an s-manifold. Then there exists an embedding
i of Min Q and an open subset M of Q with iMcMcCl(M) and a star—

finite open cover W of M such that for all Uew,(CL(U), Bd(U)) is

homeomorphic to Q together with a finite union of endslices.

Proof: Let i : M~ s c Q be an arbitrary open embedding of M in s
(cf. theorem 3.4). Define M = Q\(ClQ(s\iM)), the largest open

subset of Q whose intersection with s is iM. Write M = gAi,

A, = Cl(Ai)CA:+1 for all i. (In the sequel closures and interiors

&

are taken relative to Q). Cover A1 with finitely many basic open
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sets (for the precise definition of basic, see 3.9) whose closures
. . .0 o) . .

are contalned 1n A2, and cover each set Ai+1\Ai by a finite number

o

of basic open sets whose closures are contained in A1+2

\Ai—1 (for

. . 0. . .
1=11in A3). Then the collection of all these basic open sets

constitutes the desired cover.

THEOREM For M an s-manifold and K a Z-set in M x s there exists a

homeomorphism h : Mxs 9Bt0 yxs guch that h(K) is infinitely

deficient.

Proof: The same techniques as in 3.10 can be used, as follows from

the following observations:

1° For every Uel., with U as given by 3.13, instead of 3.9, the set
Bd(U)ns is a Z-set in C1(U)ns, and the same holds for
(Ba(U)ns)xs relative to (Cl(U)ns)xs. Furthermore CL(U)ns is
homeomorphic to s, which is not proved in this note. See e.g.
[2] for a proof.

2 TFor every tel0,1] and every xeQ x Q, ®(x,t)eB(QxQ)<> xeB(GxQ).

Now @t : Q@ xQ »Q xQ is a closed map because of compactness
of Q@ x Q. Then, for K a closed subset of s, also @t(K) =

@t(01 (K)ns). = 9#(C1(K))ns is a closed subset of s. Hence @tls&s

Q
is closed and from this bicontinuity of h1le(U{)U(KnU{) (U; as

defined in 3.710) is easily derived, so that the homeomorphism
extension theorem for s (the corollary to theorem 2.7) can be

applied.

THEOREM If M is an s-(or 12~)manifold and gK, a countable union of

5

Z-sets in M x s (or M x 12) then there exists an autohomeomorphism

hof M xs (or M x 1_) such that h(UjKj) is the union of countably

2

. e *
many sets of infinite deficiency.

*)

From the characterization of infinite deficiency by property Z

for sand 1, it follows that topological infinite deficiency in

“ s coincides with topological infinite deficiency in 1,
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Proof: We write s = s x s and consider the open subset M x @ x Q of
Q x Q% Q with M as in 3.13. We shall perform similar constructions
as in 3.11, except that care has to be taken that we get a B*—
homeomorphism, for only in that case the restriction to M x s x s
becomes an autohomeomorphism of M x s X s,

We use a cover 'u,='{Ui}i as in 3.13, with an ordering as in 3.6. We

suppose that K1CK2C.°. The closures K;,Ké,.., are Z-sets in Q

(theorem 2.8). Define U% = U; ¥ @ x Q. Let the union of endfaces

GjCQ X Q be defined by {(x,y)|3j'sj : Ixj,|= 1 or lyj,[= 1}, Let
(tj)j be a monotonously decreasing sequence of positive real numbers

such that for t'stj, ¢, , does not affect the coordinates which

ti

define Gj. Let (Fj*)j be an enumeration of the endfaces of Cl(Ui),
let F, = F, U...UF,” and define G! = C1(U.) x G. and F! = F, x Q x
J 1 J J 1 J J J

Q. (In these notations the index i is suppressed because we need
them for only one i at a time.) Previously we constructed

homeomorphisms hi and X;

3 by starting with a homeomorphiém
2 .

(m,x,y) = (m,¢¢(m)(x,y)), defined on some subset of the manifold.

The function ¢ was chosen dependent on m only,in order to ensure
one-to-one-ness of the resulting homeomorphism. Obviously this

procedure also works if ¢ depends on m, Xys eeey Xsy Vs oo Vs

J J
and assumes only values smaller than t.. So in the sequel we shall

assume that real-valued functions ¢i j(m,x,y) are into [O,tj) and
9

depend on m, x seey Xoy Yqs »oes Vs only.

1° J J

Choose ¢ : c1(ut) » [0,1] with ¢, . (Ba(u!)ur!ua')= {0} and
1,1 1 1,1 1775179

N (XQY))

1 1 1 : =
¢1’1(U1\(F1UG1))>0 and define X1’1(maan) %m,@¢1  (m,x,)
H]

for (m,x,y)e(K;nU;)UBd(U;)UF;UG;. According to corollary 2.7, X1 1
2

can be extended to a B*—autohomeomorphism of Cl(U{). Thus we get an

autohomeomorphism of Cl(U;) which leaves F;uG% pointwise fixed and

maps (K%HU{)\(F%UG') onto a countable union of sets of infinite

1

&

deficiency, just as in 3.11.
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The next step will be essentially the same as the inductive step.

Choose ¢1’2 : Cl(U%) -+ [0,1] with ¢1’2(Bd(U')UFéUG2) = {0} and

9, 2(U;\(FéuGé))C(O,1) sufficiently small in view of the
L]

convergence criterion and define X, 2(m,x,y) = (m,®
9

9y plmsx xsy) (X))

for (m,x,y)ex1 1(K'nU1)qu(U’)UF'UG'Ux1 1(Féueg'). Extend Xq,2 to a

sufficiently small B onto autohomeomorphism of Cl(U%). Let
gy ¢ Cl(U%) > Ci(U%) be the left product of the homeomorphisms X1,
. E]

thus constructed. Then g, maps UjanU{ into a countable union of

sets of infinite deficiency.

Since ¢1’n(m,x,y) =0 if (m,X,y)eFAUGé, the set Kr'lnx1 (F'UG')

=1
is not mapped onto a (o-) infinitely deficient set by x1 0 However,
5

for each n g (K'Y§;1 _4(FJuG!) is o-infinitely deficient. But }H o
3

maps the set K'nx1 (F'UG') on a compact subset of the pseudo-

tuet)) a3 -
boundary, so that g1(Kn\X1,n—1(FnUGn)) is indeed an F_-set, as the
definition of o-infinite deficiency implies.

Furthermore, g1(B(Cl(U%)))gB(Cl(U%)) because g (x1 -1

F)uG, and B(CL(U7)) = (FIuG!); and g,(B(cL(U1)))\B(C1(U})) =

(F'uG )) =

gg1(F£UGg)\B(Cl(U%)) is o-infinitely deficient. Call this set C.
Then, by theorem 2.3 and remark 2.4, there exists an autohomeomor-
phism £, of Cl(U;) that maps B(Cl(U{))UC onto B(Cl(U{)) in such a
way that Bd(U{) stays pointwise fixed and f1g1(qujnU;) remains

0-infinitely deficient. Now let h, be the restriction of g, to

1
(U1ns)xsxs, then h1(qujnU1ns) is o-infinitely deficient. Next -
extend h1 identically to the remainder of Mxsxs and finally the

proof is concluded as in 3.11.

3.16 Theorem 3.14 is the clue to the following result:
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THEOREM If K, and K, are Z-sets in an 1,-menifold M and

h : K, ontg K2 is a homeomorphism homotopic to the identity then h

can be extended to an (onto) autohomeomorphism of M isotopic to

the 1dentity.

The homotopy condition cannot be omitted, even if isotopy is

dropped in the conclusion; let e.g. M é=S1 X 12(81 is the 1-sphere)

then a homeomorphism from s! x {0} onto a contractible 1-sphere in
M cannot be extended to a space homeomorphism.

This theorem is proved by first replacing the homotopy from the
identity to h by an isotopy H : K, * I = Mwhich is an embedding

of K1 x I as a Z-set. Here topological infinite deficiency is used.

Thereafter M is embedded as an open subset in s, such that H(XK, xI)

is mapped onto a closed set (hence a Z-set). Next, using the 1
homeomorphism extension theorem for Z-sets in s, H(K1 x I) is

brought in a nice position, such that it is easy to extend H to an
isotopy with support on the embedding of M. For more details, see

Anderson-McCharen [T].

A corresponding theorem for Q-manifolds holds only with certain

qualifications. See also Anderson-Chapman [6].
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